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Quadrature domains and p-Laplacian growth
John R. King and Scott W. McCue
Abstract. The classical Hele-Shaw (Laplacian-growth) problem is generalised
to power-law fluids (satisfying the p-Laplace equation) and a number of results
are established that are analogous to some of those involving null-quadrature
domains in the former. The results are formal, but suggest a number of avenues
warranting rigorous investigation; some of these are formulated as conjectures
or open problems.
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1. Introduction
We focus here on two distinct moving boundary problems involving the p-Laplacian.
The first of these is the conventional Hele-Shaw problem for power-law fluids,
whereby the velocity field v and pressure p are given by
v = − |∇p|n−1∇p, ∇ · v = 0 (1.1)
(shear-thinning fluids have n > 1, shear-thickening ones 0 < n < 1, and Newtonian
n = 1; it should be emphasised that p in (1.1) is the fluid pressure and is of course
unrelated to the p-Laplacian exponent, which is given in (1.2a) by n + 1). Thus
we have
∇ ·
(
|∇p|n−1∇p
)
= 0, (1.2a)
and for the moving-boundary problems with which we shall be concerned (1.2a)
will hold1 in R2 \ Ω(t), where Ω(t) is a bounded simply-connected domain; the
1In the interests of brevity we shall be rather sloppy about ‘far-field’ boundary conditions (indeed,
many of the results apply equally when these are given on the boundary of a finite domain); the
description of such matters can be tightened up, but at the cost of a significantly lengthier
exposition.
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moving boundary conditions on ∂Ω(t) are
p = 0, Vn = − |∇p|n−1 ∂p
∂ν
, (1.2b)
where Vn is the normal velocity, and ∂/∂ν the normal derivative pointing into
Ω(t). Two exceptional properties of (1.2) are worth recording in passing (cf. [13],
where further references to the Hele-Shaw problem for power-law fluids are given),
namely (i) invariance under the arbitrary change of clock
t→ T (t), p→
(
T˙ (t)
)1/n
P,
for any T (t) such that T˙ (t) > 0, and (ii) the exact linearisability of (1.2a) by the
Legendre transformation
xˆ =
∂p
∂x
, yˆ =
∂p
∂y
, pˆ = x
∂p
∂x
+ y
∂p
∂y
− p.
However, only for n = 1 is a Baiocchi transformation available for (1.2), a point
to which we return shortly. Pertinent results for (1.2) are recorded in [15] and we
summarise and develop these below.
For n = 1, the Baiocchi transformation (for definiteness treating the case in
which Ω(t) is shrinking) takes the form
w =
∫ t
ω(x)
p(x, t′) dt′ in Ω(0) \ Ω(t), w =
∫ t
0
p(x, t′) dt′ in R2 \ Ω(0),
where we write ∂Ω(t) as t = ω(x). This transforms (1.2) with n = 1 to
∆w = 1 in Ω(0) \ Ω(t), ∆w = 0 in R2 \ Ω(0), on t = ω w = ∂w
∂ν
= 0.
(1.3)
The p-Laplace generalisation of (1.3) reads
∇ ·
(
|∇w|n−1∇w
)
= 1, on t = ω w =
∂w
∂ν
= 0 (1.4)
(cf. [2], [3]) and represents the other moving-boundary problem with which we shall
concern ourselves, whereby we take the right-hand side of the PDE to be unity
throughout the domain of interest (in contrast to (1.3), though this difference is
not significant since it can be obviated by a minor redefinition of w in R2 \ Ω(0)
in the latter). It is important to note that for n 6= 1 the problems (1.2) and (1.4)
are not equivalent; indeed (1.4) does not seem susceptible to a direct physical
interpretation, at least in the Hele-Shaw context - it does, however, represent the
large far-field-pressure (i.e.  → 0) limit of the reverse-squeeze-film problem (cf.
[1, 4] for discussions of the squeeze-film case)
∇ ·
(
|∇p|n−1∇p
)
= 1, on t = ω p = 0, |∇p|n−1∇p ·∇ω = −,
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if p is identified with w. In any case, it is instructive to investigate the mathematical
properties of (1.4) and we shall alternate between (1.2) and (1.4) according to
which seems more instructive and/or tractable.
2. The Newtonian case n = 1
2.1. The role of null-quadrature domains
The following properties, which are intimately related to the possibility of refor-
mulating (1.2) with n = 1 as (1.3), are well known (see, in particular, [5, 6, 10]) but
are here given a slightly different interpretation. We address two key properties,
both associated with bubbles Ω(t), namely fluid clearance and bubble extinction;
it is these two scenarios that we shall use in constructing what we shall term
‘quadrature domains’ in the p-Laplacian case (see also, [2, 3]). The former involves
characterising those initial domains for which the solution to the problem where
fluid is extracted at infinity (leading to (1.2) being ill-posed) has all the fluid ulti-
mately being removed (without the solution breaking down) - this is trivially the
case for circles, but constant-eccentricity ellipses turn out also to have the required
property. We proceed by considering (cf. [19])
d
dt
∫
R2\Ω(t)
Φ(x) dA =
∮
∂Ω
ΦVn ds = −
∮
∂Ω
Φ
∂p
∂ν
ds =
∮
∂Ω
(
p
∂Φ
∂ν
− Φ∂p
∂ν
)
ds
=
∫
R2\Ω(t)
(p∆Φ− Φ∆p) dA+
∫ 2pi
0
{
r
(
Φ
∂p
∂r
− p∂Φ
∂r
)}∣∣∣∣
r=∞
dθ,
and hence for suitable harmonic Φ, notably Φ = 1/zk for integer k > 2 (where
z = x+ iy), we have
d
dt
∫
R2\Ω(t)
Φ dA = 0. (2.1)
If all the fluid is to be extracted we require that
∫
R2\Ω(t) Φ dA ultimately tends to
zero, which implies that ∫
R2\Ω(t)
Φ dA = 0 ∀t (2.2)
for all relevant Φ, corresponding to a null-quadrature domain (cf. [7], for example).
Secondly, we address the shapes a bubble Ω(t) may attain as its extinction
is approached via the injection of fluid at infinity2. The derivation of (2.1) again
applies. We can then for any initial domain translate x to ensure that both the real
and imaginary parts of (2.2) hold when Φ = 1/zk with k = 1; this serves to locate
the extinction point. Defining L(t) to be a characteristic radius of the bubble, it
is appropriate to scale x→ L(t)x, whereby∫
1
z2
dA→
∫
1
z2
dA (i.e. k = 2), (2.3)
2Of course, expanding bubbles driven by fluid extraction at infinity and shrinking bubbles due
to fluid injection correspond to time reversals of each other.
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and, more generally, ∫
1
zk
dA→ 1
Lk−2
∫
1
zk
dA.
It follows that, because the left-hand sides of these are fixed in time (see (2.1)),
the right-hand sides imply that the rescaled problem has∫
1
zk
dA = O
(
Lk−2
)→ 0 as L→ 0 for k ≥ 3 ;
i.e. in the extinction limit L → 0, (2.2) holds asymptotically (rather than ex-
actly) for k ≥ 3 and the bubble Ω(t) becomes asymptotically a null-quadrature
domain, generically an ellipse (this being associated with the invariance of the
k = 2 ‘moments’, see (2.3), one of which can be set to zero by rotation of axes
(thus determining the asymptotic orientation of the bubble)). We note that similar
arguments apply in higher dimensions also.
The above construction requires that the aspect ratio of the bubble remain
of O(1) in the extinction limit, so that a single L(t) can be identified. In the
next subsection we address a situation (which does not seem to have been treated
previously) in which this is not the case.
Growing (constant-eccentricity) ellipses are thus the relevant solutions that
clear all the fluid out to infinity. Moreover, running these explicit solutions back-
wards (to give a shrinking bubble) turns out to generate the generic (i.e. stable)
extinction behaviour, namely an elliptic bubble, from which it follows at once that
the expanding ellipses are completely unstable (i.e., unstable to all relevant modes
of perturbation). As already noted, the growing bubble (suction) problem is ill-
posed, with various classes of solution3 existing: (a) fluid clearance by an ellipse,
(b) solutions existing for all time, but not clearing all of the fluid due to fingers
propagating out to infinity and leaving behind stagnant fjords, (c) solutions ceasing
to exist in finite time, with the moving boundary developing a singularity; how-
ever, running any of these backwards (to give an injection problem) will (except
in the exceptional ‘slit’ case - see the next subsection) generate free boundaries
that approach ellipses at extinction.
2.2. Introductory ‘slit’ example
The current example is non-generic for the Newtonian case (though it nevertheless
plays an important role that we touch on below), but provides an instructive
treatment of the analysis of bubbles of large aspect ratio, these being described in
the limit by slits (cf. the discussion of co-dimension two moving-boundary problems
in [11]). Here, and throughout the paper, we take the bubble extinction (whereby
Ω(t) vanishes) to occur at t = tc, x = 0. From (1.3) we have
w(x, y, tc) ∼ ax2 +
(
1
2 − a
)
y2 as x2 + y2 → 0,
where 0 ≤ a ≤ 1/4, without loss of generality (by rotating axes). For a = 1/4
the bubble approaches a circle, and for 0 < a < 1/4 it approaches an ellipse
3See, for example, [9, 20] for discussions of such classifications.
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whose eccentricity can be expressed in terms of a, as t → t−c . These cases have
been analysed in detail ([5, 16, 17]), but the exceptional case a = 0 has not.
Constructing the first correction term for a = 0 implies (given the requirement
that w(x, tc) > 0 hold for x 6= 0) that
w(x, y, tc) ∼ 12y2 + b1(x4 − 6x2y2 + y4) + b2(x3y − xy3), (2.4)
where the constants b1 > 0 and b2 depend on the initial data and are henceforth
to be regarded as known quantities (being determined by the linear problem that
pertains at t = tc). The asymptotic behaviour as t → t−c can be constructed by
considering an intermediate region x, y = O(s(t)) and an inner region x = O(s(t)),
y = O(S(t)), where S(t) s(t) 1, as defined in Figure 1.
x
y
s(t)−s(t)
S(t)
−S(t)
y = f(x, t)
y = −f(x, t)
Figure 1. Schematic (in fact of the form (2.7) with b2 = 0) of
the limiting (near-slit) bubble shape in the even (b2 = 0) case.
Under the intermediate scalings the bubble appears asymptotically a slit and
the inner limit (2.4) of the outer problem serves as the far-field matching conditions
on the intermediate region. Introducing elliptic coordinates ξ and η defined by
x = s cosh ξ cos η, y = s sinh ξ sin η (2.5)
and imposing w = 0 on the slit ξ = 0 gives
w ∼ 12y2 + 18b1s4 sinh 4ξ cos 4η + 132b2s4 sinh 4ξ sin 4η
+ 12as
2 sinh 2ξ cos 2η − C(t)ξ, (2.6)
where 0 < a 1 has been reinstated for completeness (for reasons that will shortly
become clearer) and C(t) can be associated with the ln r term that must appear
in the expansion for w as r = |x| → ∞ when the driving force is fluid injection
at infinity; it is thus to be regarded as known (if w ∼ Q(t) ln r as r → ∞ then it
turns out that C(t) ∼ Q(tc)−Q(t) as t→ t−c ; note that C˙(t) ≤ 0).
In the inner region we have y  x so the dominant balance is simply
∂2w
∂y2
∼ 1
and hence
w ∼ 12 (y − f(x, t))2 in y > 0.
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Matching with (2.6) as ξ → 0 then demands that the leading order bubble shape
be given by
f0(x, t) =
1√
s2 − x2
(
C − 12b1(8x4 − 8s2x2 + s4)− a(2x2 − s2)
)− 12b2x(2x2 − s2).
Since f0 is required to be bounded at x = ±s(t), we find that
C(t) = 12b1s
4 + as2,
which in effect determines s(t), and hence
f0 = (4b1x2 + 2a)
√
s2 − x2 − 12b2x(2x2 − s2), S(t) ∼ 2as(t). (2.7)
The expression (2.7) describes the intermediate asymptotic behaviour close to
extinction for 0 < a  1; the case a = 0 separates scenarios in which a > 0,
whereby the bubble evolves to a slender ellipse for 0 < a  1, and a < 0, for
which the bubble splits into two and (2.7) breaks down prior to extinction. In
practice, an a(t) > 0 is expected to be present in the borderline case, tending to
zero as t → t−c faster than s2(t) and leading to a bubble shape near extinction
as shown in Figure 2; note that it follows from (2.7) that x = ±s are the values
of x at which ∂f0/∂x is unbounded and that the full bubble shape is made up of
y = f0(x, t) and y = −f0(−x, t). We note that exact solutions with a parabolic
free boundary describe the leading order solutions in the (inner-inner) regions at
x = ±s(t) (these again correspond to null-quadrature domains).
x
y
−0.2 −0.1 0.1 0.2
−0.015
−0.01
−0.005
0.005
0.01
0.015 y = f0(x, t)
y = −f0(−x, t)
Figure 2. Bubble shape (2.7) for b1 = 1, b2 = 1, s(t) = 0.2,
a(t) = 0.01. Note the aspect ratio of the bubble is much larger
than it appears on this rescaled plot.
We are accordingly led to the following.
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Conjecture 1. The extinction behaviour in the borderline case between the regions
in which a non-convex bubble (i) breaks into two and (ii) becomes and remains
convex prior to extinction is described generically by (2.7).
Conjecture 2. A hierarchy of non-generic slit-like extinction scenarios can similarly
be constructed by setting to zero the coefficients of more and more of the correction
terms to y2/2 in the local expansion (cf. (2.4), the next member of the hierarchy
having w(x, y, tc) = y2/2 +O(r6)). Together with the ellipses, this family provides
a complete classification of the possible extinction behaviours of finite bubbles.
Open problem 1. Construct a one-parameter (say) family of explicit Hele-Shaw
solutions illustrating both elliptic-bubble extinction behaviour and the onset of
the change in topology associated with bubble break up (describing the evolution
subsequent to the break up would be an additional challenge), confirming that the
borderline case can be described by (2.7).
We remark that such ‘slit’ asymptotics fail in the fluid-clearance (suction)
problem, since the aspect ratio would not remain small; ellipses of arbitrarily-
small aspect ratio are, however, admissible.
2.3. The Stefan problem
While not of course a Newtonian Hele-Shaw problem, the classical Stefan problem,
in which (1.2a) is replaced by

∂p
∂t
= ∆p, (2.8)
does reduce to one in the small-specific-heat limit → 0. The purpose of this sub-
section is to note why in the current context we regard (1.2a) as a more interesting
generalisation of ∆p = 0 than (2.8). As discussed in [7], and references therein, the
non-trivial null-quadrature domains relevant to Laplacian growth (leaving aside
slits, which (as indicated above) play a singular role) are the exteriors of parabo-
las and ellipses. Equivalent solutions exist for the ill-posed Stefan problem, namely
the Ivantsov parabolas [12] and the Ham ellipses [8]4; it is also worth noting that
results analogous to (2.1) hold ([14]) for the Stefan problem. We are led to propose
the following generalisation of the Hele-Shaw fluid-clearance problem.
Conjecture 3. The only solutions to the ill-posed two-dimensional Stefan problem
in which phase-change of all space can be achieved have planar, circular, parabolic
or elliptic free boundaries.
Thus in the current context the Stefan problem does not exhibit phenomena
not shared by the Newtonian Hele-Shaw problem (see also [16] for the extinction
problem) and we shall not investigate it further here.
4It is noteworthy that these solutions were identified prior to the role of null-quadrature domains
in the Laplacian-growth problem being established.
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3. Linear stability of radially-symmetric solutions and the
associated bifurcation structure
The base solution whose stability we analyse is easier to construct in the case of
(1.2) than for (1.4), so it is the former problem that we pursue here; this radially-
symmetric solution is
p0 =
n
n− 1
(
r(n−1)/n − s(n−1)/n0
)
, 12s
2
0 = tc − t, (3.1)
where we have enforced far-field conditions such that the coefficient in
∂p0
∂r
= r−1/n
is unity, while the initial data determines tc.
To investigate linear stability, we introduce perturbations
p ∼ p0(r, t) + P (r, θ, t), s ∼ s0(t) + S(θ, t)
and linearise to give
n
∂2P
∂r2
+
1
r
∂P
∂r
+
1
r2
∂2P
∂θ2
= 0,
on r = s0 P + S
∂p0
∂r
= 0,
∂S
∂t
= −n
(
∂p0
∂r
)n−1(
∂P
∂r
+ S
∂2p0
∂r2
)
.
After separating variables, we find that
S = σ(t)
{
cos kθ
sin kθ , P = −s
−1/n
0 σ(t)
(
r
s0
)− 12n(√(n−1)2+4nk2−(n−1)){ cos kθ
sin kθ
for integer k, yielding
dσ
dt
= − 1
4(tc − t)
(√
(n− 1)2 + 4nk − (n+ 1)
)
σ. (3.2)
The special cases
k = 0, σ ∝ (tc − t)−1/2 and k = 1, σ ∝ (tc − t)0 (3.3)
are associated respectively with translations in t and x; for neutral stability we
require (in view of (3.1)) that σ ∝ (tc − t)1/2, implying that
n = 2/(k2 − 2). (3.4)
This expression immediately identifies the Newtonian case n = 1 as being asso-
ciated with neutral stability for the first relevant mode k = 2 (k = 0 and k = 1
are not pertinent in view of the above interpretation of (3.3)), but the conjectured
schematic of the bifurcation structure shown in Figure 3 indicates an even more
striking property of the case n = 1 associated with the ‘integrability’ of the classi-
cal Hele-Shaw problem, namely that the curve associated with the first bifurcation
from the radially symmetric solution is completely non-generic in that it takes the
same form as that of a linear problem, even though the moving-boundary problem
is nonlinear; this vertical line is populated by ellipses of arbitrary aspect ratio. The
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1/n
1
1 7
2
7
ratio of maximum
bubble diameter
to minimum bubble
diameter
Figure 3. Schematic of proposed bifurcation structure for
shrinking bubbles, the secondary bifurcation curves representing
the similarity solutions discussed below.
secondary bifurcation curves are, however, expected to be of a more typical form
(though might not be supercritical). The associated conjectures are as follows.
Conjecture 4. (Shear-thinning fluids, n > 1).
The circle is stable for shrinking bubbles and thus gives the extinction be-
haviour. It is accordingly unstable to all modes in the expanding bubble case and
fluid-clearance solutions (other than circles) are of slit type (see [15]).
Conjecture 5. (Shear-thickening fluids, 0 < n < 1)
(a) For n > 2/7, a shrinking bubble is unstable to a single mode and the
generic extinction behaviour is of slit type (see [15]). An expanding bubble is
thus unstable to all but one mode, suggesting there exists a family of ‘quadrature
domains’ (by which we mean fluid-clearance solutions) associated with this single
mode, all of which tend to a circle (these can be translated, rotated and rescaled
into a single solution).
(b) For 1/7 < n < 2/7 the circle is unstable to two modes and the generic
extinction behaviour is of slit type. There is also a three-fold symmetric similarity
solution which is unstable, but stable within its symmetry class (the Newtonian
ellipses are the corresponding two-fold symmetric similarity solutions; as shown in
Figure 3, the three-fold solutions lie on a curve in (plausibly) 1/n > 7/2, whereas
the ellipses are confined to n = 1. We emphasise, however, that the structure
shown there is itself only a conjecture). The bubble-growth problem thus has a
two-parameter (in addition to translations and rotations) family of ‘quadrature
domains’ that tend to a circle. In addition, the above similarity solution can be
run backwards to generate a distinct type of fluid-clearance scenario.
(c) Further bifurcations occur at n = 1/7, 2/23, . . . , leading in a manner
which should be apparent to similarity solutions of four-, five-, . . . , fold symmetry
and larger classes of ‘quadrature domains’ that tend to circles.
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Open problem 2. How does the ‘quadrature domain’ noted in conjecture 5(a) be-
have for all t? (The question can be generalised to the corresponding solutions in
(b), (c).)
Open problem 3. Construct the similarity solutions described above, schematics
of the free boundary for the first two being given in Figure 4. (The (near-circular)
n < 27 n <
1
7
Figure 4. Schematic of possible forms of free boundary for the
three- and four-fold symmetric similarity solutions.
weakly nonlinear limits n → 2/(k2 − 2) should be tractable, as should the limit
n→ 0+.) Is the bifurcation structure as conjectured in Figure 3?
Open problem 4. Can the non-generic bifurcation structure for n = 1 be identified
a priori (i.e. without reference to the explicit elliptical solutions etc.)?
4. Extinction and near-extinction behaviour
Because t appears only parametrically in (1.4), the w problem is more convenient
to study than the p one at extinction. Thus at t = tc we have
∇ ·
(
|∇w|n−1∇w
)
= 1 in R2, (4.1)
at r = 0 w = |∇w| = 0,
and we are first interested in the behaviour as r → 0.
It is natural to investigate whether the dominant behaviour is radially sym-
metric by trying
w ∼ n
21/n(n+ 1)
r(n+1)/n +W as r → 0 (4.2)
and linearising in W to give
n
∂2W
∂r2
+
(2n− 1)
r
∂W
∂r
+
1
r2
∂2W
∂θ2
= 0. (4.3)
The linear PDE (4.3) has separable solutions
W = r
1
2n
(√
(n−1)2+4nk2−(n−1)
){
cos kθ
sin kθ
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and self-consistency of (4.2) with such a solution demands that√
(n− 1)2 + 4nk2 − (n− 1) > 2(n+ 1),
i.e. that
n < 12k
2 − 1. (4.4)
The generically-relevant modes are again the ‘elliptical’ ones, k = 2, for which (4.4)
implies n < 1, and secondary bifurcations (k = 3, 4, 5, . . .) occur on increasing n
at n = 7/2, 7, 23/2, . . . .
The next most natural regime to investigate is one of slit type, i.e.
w ∼ n
n+ 1
|y|1/n y +W as |y| → 0 with x = O(y). (4.5)
Again linearising in W , we obtain
∂2W
∂x2
+ n
∂2W
∂y2
+
n− 1
y
∂W
∂y
= 0. (4.6)
The required local solutions to (4.6) (i.e. those that are smooth in x and y) are
polynomials in x and y, subject to the requirement that w > 0 hold for x 6= 0, so
that the leading mode needs to be even in x and y. The generic case has
W = A1
(
x2 − 1
2(n− 1)y
2
)
, (4.7)
(for some positive constant A1) while the higher modes are of O(r2k) for positive
integers k ≥ 2. Self-consistency of (4.5) now demands that
n > 1/(2k − 1), (4.8)
with (4.7) corresponding to k = 1. Thus in the generic case (4.7) we need n > 1,
exactly complementing the regime in which the radially solution (4.2) is generic
(the borderline case n = 1 is of course the Newtonian one in which elliptical
solutions arise); secondary bifurcations occur for decreasing n at n = 1/3, 1/5,
1/7, . . . . Since w needs to be smooth away from zeros of |∇w| (i.e. away from
x = 0), (4.5) is clearly not the full story, there being an inner region with y = o(x)
as x → 0. We address this in the case of (4.7), requiring n > 1 and leading to an
inner scaling y = O(xn) in which
w ∼ A1x2 + xn+1Ψ(ζ), ζ = y/xn,
wherein
Ψ(ζ) ∼ n
n+ 1
|ζ|1/n ζ as ζ →∞
is required to match with (4.5). The dominant balance in (4.1) then reads
d
dζ
(4A21 + (dΨdζ
)2)(n−1)/2
dΨ
dζ
 = 1,
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so the solution can be written parametrically as
ζ =
(
4A21 +
(
dΨ
dζ
)2)n−12
dΨ
dζ
,
Ψ =
(2A1)n+1
n+ 1
+
n
n+ 1
(
4A21 +
(
dΨ
dζ
)2)n+12
− 4A21
(
4A21 +
(
dΨ
dζ
)2)n−12
;
in particular,
Ψ ∼ ζ
2
2nAn−11
as ζ → 0,
giving a smooth transition across y = 0. Representative plots of Ψ(ζ) are shown
in Figure 5.
ζ
Ψ
0.5 1 1.5 2
0.5
1
1.5
2 n = 1
n = 1.5
n = 2
Figure 5. Plots of Ψ with A1 = 1 versus ζ for n = 1, 1.5 and 2.
Conjecture 6. The above results suggest that the extinction behaviour for n < 1
is described by an asymptotically circular bubble and that for n > 1 by a slit-like
solution (contrast the discussion above for (1.2), the qualitative difference being
striking).
Conjecture 7. The moving-boundary shape for n > 1 is determined via the inter-
mediate (slit) region (x, y = O(s(t))) boundary value problem below (the inner
region is very similar in structure to that in Section 2.2, and we do not elaborate
on it here):
∂2W
∂x2
+ n
∂2W
∂y2
+
n− 1
y
∂W
∂y
= 0 in R2 \ {−s(t) < x < s(t), y = 0} (4.9a)
W = 0 on y = 0, −s(t) < x < s(t), (4.9b)
∂W
∂y
= 0 on y = 0, |x| > s(t), (4.9c)
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W ∼ A1
(
x2 − 1
2n− 1y
2
)
+ C(t)
(
x2 +
1
n
y2
)(1−n)/2n
as r →∞, (4.9d)
where C(t) is in effect fixed by the driving force at infinity.
Conjecture 8. The bifurcation structure for bubble5 extinction in the injection
problem is as indicated in Figure 6 (the figure being even more speculative than
that in Figure 3). The curves associated with secondary bifurcations (which come
n1 7
2
71
5
1
3
1
bubble
aspect
ratio
Figure 6. Schematic of proposed bifurcation structure for (1.4).
in from infinite aspect ratio when (4.8) is violated for each k and the behaviour
of these with decreasing n is unclear) describe postulated unstable self-similar
solutions; under time reversal, these become ‘quadrature domains’ (fluid-clearance
solutions) for the suction problem.
Open problem 5. Solve the Wiener-Hopf problem (4.9). (The corresponding solu-
tion with n = 1 and r(1−n)/n replaced with ln r is
W = 12A1s
2 sinh 2ξ cos 2η − C(t)ξ,
where ξ and η are the elliptic coordinates defined in (2.5).)
Open problem 6. Are there secondary bifurcations from infinite aspect ratio for
(1.2) analogous to those described in Conjecture 8 for (1.4)? These would have
n > 1.
5. Discussion
Our concept of ‘null quadrature domains’ for p-Laplacian growth is not a di-
rect generalisation of the conventional definitions of null quadrature domains, but
5We maintain the fluid-mechanical terminology, despite the lack of direct relevance of (1.4) to
Hele-Shaw applications.
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rather an identification of those solutions which play a role equivalent to one of
those played by the latter (for reasons outlined in Section 2.1) in the conventional
Hele-Shaw problem (relating to the asymptotic behaviour of bubbles expanding
to infinity or shrinking to a point). In a similar vein we recall that, while (1.4) is
in some respects analogous to (1.2), the two are equivalent only in the Newtonian
case n = 1. With that in mind we provide in Table 1 a list of null quadrature do-
mains and their role in Laplacian growth, together with generalisations for (1.2);
a similar set is available for (1.4), though we recall that the dependence on the
sign of n− 1 is significantly different.
n = 1 Applications n 6= 1 Applications
Exterior of Bubble extinction Exterior of Bubble extinction
circle or ellipse and fluid clearance circle (generic for n > 1)
or fluid clearance
Exterior of Limit case of Exterior of Generic bubble
a slit ellipse; non-generic a slit extinction forn<1;
bubble extinction fluid clearance for
n > 1
Exterior of a Tip of slender Solution in Inner-inner
parabola ellipse; inner-inner Appendix of region for ‘slits’
region for ‘slits’ [18]6
Half space One-dimensional Half space One-dimensional
solution solution
Similarity Unstable bubble
solutions7 extinction and
fluid clearance
solutions forn<1
Asymptotically Fluid clearance
circular bubble7 solutions forn<1
Table 1. ‘Null quadrature domains’ and their role in the power-
law Hele-Shaw problem.
We conclude by noting some of the exceptional properties of the Newtonian
case n = 1 when viewed as a member of the power-law family, most of which
are extremely simple-minded. It would be interesting to know the extent to which
these properties are necessarily shared (most are certainly closely related).
6These appear to be the only known non-trivial explicit solutions to the power-law Hele-Shaw
problem (1.2). It would be interesting to know whether comparable solutions to (1.4) can be
constructed.
7No directly analogous solutions exist for n = 1, although the solutions listed under n = 1 (other
than the non-generic bubble extinction solutions) are self-similar.
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(i) For ∆w = 1, the ‘complementary function’ x2 − y2 that plays a crucial role
in much of the asymptotics scales with r in the same way as the ‘particular
integral’ r2/4.
(ii) The elliptical (k = 2) mode is neutrally stable.
(iii) Extinction and clearance solutions are both of the same form.
(iv) Circles are ‘connected’ to slits via the family of ellipses of arbitrary eccen-
tricity.
(v) The bifurcation structure at n = 1 is completely non-generic.
(vi) ∆p = 0 is separable in parabolic and elliptic coordinates.
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